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2018 ABSTRACT
We investigate the impact of a stochastic background of Primordial Magnetic Fields (PMF)
generated before recombination on the ionization history of the Universe and on the Cosmic
Microwave Background radiation (CMB). Pre-recombination PMFs are dissipated during re-
combination and reionization via decaying MHD turbulence and ambipolar diffusion. This
modifies the local matter and electron temperatures and thus affects the ionization history and
Thomson visibility function. We use this effect to constrain PMFs described by a spectrum of
power-law type extending our previous study (based on a scale-invariant spectrum) to arbitrary
spectral index, assuming that the fields are already present at the onset of recombination. We
improve previous analyses by solving several numerical issues which appeared for positively
tilted PMFs indices. We derive upper bounds on the integrated amplitude of PMFs due to the
separate effect of ambipolar diffusion and MHD decaying turbulence and their combination.
We show that ambipolar diffusion is relevant for nB > 0 whereas for nB < 0 MHD turbulence
is more important. The bound marginalized over the spectral index on the integrated ampli-
tude of PMFs with a sharp cut-off is
√〈B2〉 < 0.83 nG. We discuss the quantitative relevance
of the assumptions on the damping mechanism and the comparison with previous bounds.
Key words: Cosmology: CMB – theory – observations
1 INTRODUCTION
Primordial magnetic fields (PMFs) generated prior to cosmological
recombination provide an interesting window on the physics of the
Early Universe and could have seeded the astrophysical large scale
magnetic fields we observe in clusters and voids. These PMFs leave
imprints on the Cosmic Microwave Background (CMB) through
different mechanisms. PMF gravitate at the level of cosmological
perturbations and source magnetically-induced perturbations. The
comparison of theoretical predictions with different combinations
of CMB data has been presented in several works (Paoletti & Finelli
2011; Shaw & Lewis 2012; Paoletti & Finelli 2013; Planck Col-
laboration XVI 2014; Planck Collaboration XIX 2016; Zucca et al.
2017), leading to constraints on the amplitude of PMFs smoothed at
1 Mpc of the order of few nG. The B-mode polarization induced by
PMFs is also of great interest for future CMB experiments (Renzi
et al. 2018; Pogosian & Zucca 2018) PMFs also induce a Faraday
rotation of CMB polarization, mixing E- and B-modes with an an-
gle inversely proportional to the square of the frequency (Kosowsky
& Loeb 1996; Kahniashvili et al. 2009; Pogosian et al. 2011). At
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present, Faraday rotation leads to constraints which are weaker than
those obtained by considering the gravitational effect, but repre-
sents a target for the future low-frequency polarization experiments
and will help in disentangling the effects of helical and non-helical
PMFs (Kahniashvili et al. 2009; Pogosian et al. 2011; Planck Col-
laboration XIX 2016).
Together with the gravitational effect and the Faraday rota-
tion of CMB polarization anisotropies, the presence of PMFs in the
cosmological plasma prior to recombination may affect the thermal
and ionization history of the Universe, significantly modifying the
evolution of the cosmological plasma and consequently affecting
both the CMB anisotropies and thermal spectrum.The dissipation
of the PMFs by means of different mechanisms injects energy in
the cosmological plasma heating it. The first direct consequence of
this energy injection is the generation of distortions of the CMB
absolute spectrum (Jedamzik et al. 2000; Kunze & Komatsu 2014;
Wagstaff & Banerjee 2015) 1. Both the distortions given by the dis-
sipation of Alfven and magnetosonic waves and those generated
from late (post-recombination) dissipation caused by MHD decay-
ing turbulence and ambipolar diffusion are well below the COBE-
FIRAS sensitivity (Fixsen et al. 1996). Although current constraints
1 Note that the dissipation-induced distortions differ from those induced by
cyclotron-radiation discussed in Burigana & Zizzo (2006)
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on PMF from spectral distortions are not competitive with those
from CMB anisotropies, future spectrometers like PIXIE (Kogut
et al. 2011; Kogut et al. 2016) might represent an interesting av-
enue for improving the COBE-FIRAS limits.
The presence of PMFs modifies the conditions of the pre-
recombination plasma. In particular, on very small scales MHD
turbulence may develop and then transfer energy between differ-
ent scales (Durrer & Neronov 2013). The MHD turbulence is one
of the main ingredients in the evolution of the PMFs when con-
sidering also the possible back reaction of the coupling with the
fluid kinetic component; the presence of turbulence together with a
time evolution of the magnetic energy density, can lead to a change
in the spectrum of the PMFs (Kahniashvili et al. 2012; Saveliev
et al. 2012; Wagstaff et al. 2014; Brandenburg et al. 2015; Wagstaff
& Banerjee 2016; Brandenburg et al. 2017; Reppin & Banerjee
2017; Trivedi et al. 2018). If the PMFs are generated with an he-
lical component simulations seem to indicate that the fields quite
rapidly reach the maximal helical condition and that the evolu-
tion of the fields in presence of an helical component is modified
(Christensson et al. 2001, 2005; Saveliev et al. 2013; Kahniashvili
et al. 2017; Brandenburg & Kahniashvili 2017). A full account of
the MHD turbulence through the early Universe requires numeri-
cal simulations which up to this date are optimized for very small
scales. CMB anisotropies on the other side are on very large scales
(consider as an example comoving wavenumbers of the order of
k ∼ 10−5 − 0.1 Mpc−1 leading to a problem of the matching be-
tween the different scales involved. In addition, the analysis with
CMB data requires the predictions of the CMB anisotropies an-
gular power spectra to be fed to the Markov Chain Monte Carlo
pipeline. Thus, such massive predictions with Einstein-Boltzmann
codes are not possible with current simulations set ups.
A full treatment which involves realistic simulations, CMB
predictions and CMB data is still missing. It is therefore crucial
to first assess the importance of the effect of PMFs on the ther-
mal and ionization history of the Universe especially in the light of
the recent blossoming of CMB data. Recent works (Kunze & Ko-
matsu 2014, 2015; Chluba et al. 2015; Planck Collaboration XIX
2016) have considered the post-recombination dissipative effects
and derived an upper limit on the PMFs integrated amplitude for
a nearly scale-invariant and negative indices (Kunze & Komatsu
2015) stochastic background at the nG level, tighter than those de-
rived on the basis of the gravitational effects only. These analyses
do not involve full MHD simulations but use analytical energy in-
jections rates (Sethi & Subramanian 2005; Seshadri & Subrama-
nian 2005; Sethi & Subramanian 2009) which are included into
the Einstein-Boltzmann codes to derive the CMB anisotropies an-
gular power spectra. As it is usually done for the gravitational ef-
fect the ideal MHD limit is assumed where the PMFs are frozen
in the plasma and we neglect possible back-reaction of the fluid
onto the fields considering these effects as second order. However,
as stressed previously (Chluba et al. 2015; Planck Collaboration
XIX 2016), significant uncertainties exist in the description of the
heating rates and consequently the derived constraints. The main
scope of this paper is the improvement of previous analyses (Kunze
& Komatsu 2014, 2015; Chluba et al. 2015; Planck Collaboration
XIX 2016) curing numerical aspects which prevented the study of
blue tilted spectrum PMFs. Although incomplete, the approximate
treatment presented here provides an important intermediate step
towards a full ambitious analysis.
We derive the CMB constraints on a stochastic background
of PMFs by their impact on the modified ionization history and
anisotropies angular power spectra beyond the nearly-scale invari-
ant case previously reported (e.g., Planck Collaboration XIX 2016;
Chluba et al. 2015). Constraints for PMF spectral indices nB = −1.5
and −2.5 were already obtained by Kunze & Komatsu (2015). Here
we extend the analysis to arbitrary spectral index and improve the
treatment including subtle effects. We improved the numerical ac-
curacy of the recombination code Recfast++ (Chluba & Thomas
2011), which includes the heating effect of PMFs by means of two
different methods dedicated specifically to MHD turbulence and to
ambipolar diffusion. In order to maximize the numerical stability of
CAMB, following Hart & et al. (2018), we also enhanced the time-
step settings during recombination which hampered the precision
of the obtained CMB power spectra at larges scales, leading to a
slower convergence of MCMC chains.
The paper is organized as follows. In section 2 we describe
the details of a stochastic background of PMFs and of the induced
modified ionization history. In section 3 we describe the impact of
the MHD decaying turbulence and of the ambipolar diffusion on
the CMB power spectra. We present the constraints from Planck
2015 data in section 4. In section 5 we discuss our results and we
draw our conclusions in section 6. In appendix A we describe the
implications of our results on the commonly adopted amplitude of
PMF smoothed at 1 Mpc scale.
2 IMPACT OF PRIMORDIAL MAGNETIC FIELDS ON
THE POST-RECOMBINATION IONIZATION HISTORY
We consider a fully inhomogeneous stochastic background of non-
helical PMFs which in Fourier space is described by:
〈Bi(k)B∗j(k′)〉 = (2pi)3δ(k − k′)(δi j − kˆikˆ j)
PB(k)
2
(1)
where the magnetic power spectrum is 2 PB(k) = ABknB .Since we
are interested in the relevant scales for CMB anisotropies we con-
sider the ideal MHD limit in which the PMF energy density behaves
as a relativistic component ρB(x, τ) = ρB(x)a4(τ) with B(x, τ) =
B(x)
a2(τ) . We
neglect higher order non-linear effects of the interaction of the mag-
netic field with the fluid which may lead to a different evolution of
the energy density of the fields on small scales, see for example
Saveliev et al. (2012, 2013); Brandenburg & Kahniashvili (2017).
Radiation viscosity damps PMFs at a damping scale kD
(Jedamzik et al. 1998; Subramanian & Barrow 1998):
kD
Mpc−1
=
√
5.5 × 104(2pi) nB+32√〈B2〉/nG√Γ[(nB + 5)/2]
√
h
Ωbh2
0.022
. (2)
In this paper, we choose to model this damping by imposing a sharp
cut-off at the scale kD to regularize ultraviolet divergencies in inte-
grated quantities, as done in the study of the PMFs gravitational
effects. We therefore define the root mean square as:
〈B2〉 = AB
2pi2
∫ kD
0
dkk2+nB =
AB
2pi2(nB + 3)
knB+3D . (3)
Note that in our previous paper (Chluba et al. 2015) we considered
a Gaussian smoothing as in Kunze & Komatsu (2015) to regularize
the integrated amplitude of the stochastic background. According
to Sethi & Subramanian (2005), the heating due to PMFs to the
electron temperature equation is modelled as:
dTe
dt
= −2HTe + 8σTNe ργ3mecNtot (Tγ − Te) +
Γ
(3/2)kNtot
, (4)
2 nB > −3 to avoid infrared divergences
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Figure 1. Comparison of the MHD decaying turbulence heating rate for
unsmoothed (solid lines) and smoothed rates (dashed lines), the different
colors stand for the spectral indices as in the legend. The PMFs amplitude
is set to
√
〈B2〉 = 0.4 nG.
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Figure 2. Comparison between the smoothed and unsmoothed rate impacts
on the ionization fraction. The PMF amplitude is set to
√
〈B2〉 = 0.4 nG.
Colors represent the different spectral indices as in the legend.
where H(z) denotes Hubble rate, Ntot = NH(1 + fHe + Xe) the num-
ber density of all ordinary matter particles that share the thermal
energy, beginning tightly coupled by Coulomb interactions; NH is
the number density of hydrogen nuclei, fHe ≈ Yp/4(1−Yp) ≈ 0.079
for helium mass fraction Yp = 0.24; Xe = Ne/NH denotes the free
electron fraction and ργ = aRT 4γ ≈ 0.26 eV(1 + z)4 the CMB energy
density. The first term in Eq. (4) describes the adiabatic cooling
of matter due to the Hubble expansion, while the second term is
caused by Compton cooling and heating. The last term accounts
for the PMF heating due to the sum of the decaying magnetic tur-
bulence (Γturb) and ambipolar (Γamb), respectively.
We review in the following the approach of the aforemen-
tioned heating terms and describe the regularization and numeri-
cal improvements we provide with respect to previous treatments
(Kunze & Komatsu 2015; Chluba et al. 2015).
2.1 Decaying MHD turbulence
On scales smaller than the magnetic Jeans scale, PMFs may be sub-
ject to non-linear effects and develop MHD turbulence. Before re-
combination the radiation viscosity over-damps the velocity fluc-
tuations maintaining the Reynold number small. After recombina-
tion, the sudden drop of radiation viscosity allows for the develop-
ment of large Reynold number and for the transfer of energy from
large towards smaller scales, dissipating energy. The dissipation of
the fields injects energy into the plasma, with a rate that can be
approximated as (Sethi & Subramanian 2009):
Γturb =
3m
2
[
ln
(
1 + titd
)]m
[
ln
(
1 + titd
)
+ 32 ln
(
1+zi
1+z
)]m+1 H(z) ρB(z), (5)
with the parameters m = 2(nB + 3)/(nB + 5), ti/td ≈
14.8(〈B2〉1/2/nG)−1(kD/Mpc−1)−1, and magnetic field energy den-
sity ρB(z) = 〈B2〉(1 + z)4/(8pi) ≈ 9.5 × 10−8(〈B2〉/nG2) ργ(z).
2.1.1 Regularizing around recombination
Following previous approaches (Planck Collaboration XIX 2016;
Chluba et al. 2015) the heating term due to decaying magnetic tur-
bulence in Eq. (5) switches on abruptly at zi ∼ 1088. Although
the rate is a continuous function, the cusp at z = 1088, shown in
Fig.1, creates numerical issues for the derivatives within the modi-
fied recombination code we have developed to include PMFs. The
decaying magnetic turbulent rate in Eq. (5) is weakly coupled to the
time evolution of the electron temperature in Eq. (4) for nB ≈ −3
and therefore in this case the abrupt switch on is numerically tolera-
ble. This is the reason why previous studies in Planck Collaboration
XIX (2016); Chluba et al. (2015) were restricted to nB = −2.9. In
order to extend our study to different spectral indices, we introduce
a smoothing of the decaying magnetic turbulent rate which includes
a Gaussian suppression before recombination. In particular we con-
sider the phenomenological model:
• for z < zi ∼ 1088, Eq. (5);
• for zi ≤ z ≤ 1.001zi polynomial to smooth the derivative at zi
and make it zero at 1.001zi;
• for z > 1.001zi Gaussian suppression to model the onset of
turbulent heating.
More recent 3D simulations suggest a slow power-law behavior
for the onset of turbulent heating (Trivedi et al. 2018), however,
here we remain as closely as possible within the old framework,
leaving a study of these improved magnetic heating rate calcula-
tions to future work. The smoothed rate is shown in Fig.1 together
with the unsmoothed one for different spectral indices and fixed√〈B2〉 = 0.4 nG. Note how the regularization we have applied af-
fects only the redshifts around recombinations, it does not affect
later epochs. In Fig.2 we show the effect of the smoothing on the
ionization fraction. We note how the smoothing has a negligible
impact on the ionization fraction, we will see how this is reflected
in a negligible impact on the angular power spectra with the MHD
heating decaying turbulence effect.
2.2 Ambipolar diffusion
The ambipolar diffusion arises in partially ionized plasmas in the
presence of magnetic fields. Being the cosmological plasma only
partially ionized after recombination and since the Lorentz force
induced by PMFs acts only on the ionized component, there is a
c© 0000 RAS, MNRAS 000, 000–000
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Figure 3. In the left column we present the angular power spectra with MHD decaying turbulence effect. To illustrate the effect we increased the amplitude of
the field with respect to the right column to
√
〈B2〉=4 nG. In the right column we present the relative differences with and without MHD decaying turbulence
effect,
√
〈B2〉=0.4 nG, of the CMB anisotropy angular power spectra in temperature and polarization.
101 102 103
`
−0
.4
−0
.2
0.
0
0
.2
0.
4
∆
C
`
/C
`
%
nB = −2.9
nB = −2
nB = −1
nB = 0
nB = 1
nB = 2
Figure 4. Relative difference of smoothed and unsmoothed power spectra
for temperature anisotropies, the colors are in the legend.
difference between the velocity of ions and that of neutral atoms.
Collisions between the two dissipate this difference and rapidly
thermalize the energy which is transferred to the neutral compo-
nent. This mechanism dissipates the PMFs and heats the plasma, if
the heating is strong this effect may also change the ionization frac-
tion evolution itself. To capture the effect of heating by ambipolar
diffusion we use the approximation (Sethi & Subramanian 2005;
Schleicher et al. 2008):
Γam ≈ (1 − Xp)
γXp ρ2b
〈
L2
〉
(6)
where
〈
L2
〉
= |(∇ × B) × B|2/(4pi)2 denotes the average square of
the Lorentz-force ρb = mHNb the baryon mass density with baryon
number density Nb. and Xp = Np/NH the coupling between the
ionized and neutral component. The coupling coefficient is given by
γ = 〈σ3〉H H+ /2mH with 〈σ3〉H H+ ≈ 6.49 × 10−10(T/K)0.375cm3 s−1.
For −2.9 < nB < 2, the integral for the Lorentz force according to
a sharp cut-off prescription is:
|(∇ × B) × B|2 = 16pi2ρ2B(z) l−2D (z) gL(nB + 3) (7)
gL(x) = 0.6615[1 − 0.1367x + 0.007574x2] x0.8874 . (8)
with lD = a/kD. Note that the Lorentz force is computed in this
paper for a sharp cut-off, consistently with the rms amplitude of the
stochastic background in Eq. (3), whereas in our previous paper
(Chluba et al. 2015) we instead adopted a Gaussian smoothing to
compare with the results in Kunze & Komatsu (2014).
In order to solve the numerical issues with the ambipolar dif-
fusion effect for PMFs with positive spectral indices we also im-
proved the numerical integration of Recfast++ (Chluba & Thomas
c© 0000 RAS, MNRAS 000, 000–000
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2011), adding an explicit solve of the linear algebra problem ap-
pearing at each time-step in the ordinary differential equation prob-
lem. This improved the numerical stability at the onset of ambipolar
diffusion around redshift z ' 100 − 200
3 CMB ANGULAR POWER SPECTRA
We now briefly present the impact of the PMF dissipation on the
CMB angular power spectra in temperature and polarization. These
are very similar to previous computations; however, the numerical
noise which was present at large angular scales is eliminated thanks
to the improved time-sampling inside CAMB.
3.1 The impact of MHD decaying turbulence
We start by describing the MHD decaying turbulence effect. In the
left column of Fig. 3 we illustrate the effect on the temperature and
E-mode polarization angular power spectra for
√〈B2〉=4 nG, note
that for this specific figure we have increased the amplitude of the
fields with respect to the others of this section in order to visually
enhance the effect. In the right column of Fig. 3 we present the rel-
ative differences of the angular power spectra which include and
do not include the MHD turbulence effect, note that for these fig-
ures the amplitude of the fields is
√〈B2〉=0.4 nG, which is closer
to the value obtained in the data analysis. We note in particular a
strong effect on the E-mode polarization at intermediate and small
angular scales and a sub-percent effect in temperature on small an-
gular scales. In contrast to previous computations (e.g., Kunze &
Komatsu 2014; Planck Collaboration XIX 2016), the effect at large
angular scales is less pronounced. This is because following Hart
& et al. (2018), we significantly increased the time-sampling3 in
CAMB (' 100 times) to better resolve the onset of heating around
z ' 1088. This improvement eliminates the dependence of the an-
gular power spectrum on large scales on the accuracy parameters
making the Boltzmann code very stable as can be seen in Fig. 3
where large scales do not show any feature.
We have described the regularization function we apply in or-
der to solve numerical issues of the MHD turbulence treatment for
positive spectral indices (Sect. 2.1.1). In Fig. 4 we show the rel-
ative differences of the cases with and withouth the smoothing for√〈B2〉 = 0.4 nG. The effect of our regularization remains at the sub-
percent level in all considered cases, with the largest effect seen for
nB = 2. Please note that for nB = 2 an amplitude
√〈B2〉 = 0.4 for
the root mean square of the PMFs is already ruled out by data. For
indices smaller or equal zero the angular power spectra do not show
any significant dependence on the chosen regularization scheme.
We can therefore conclude that for the amplitudes we are able to
constrain with this methodology the application of the regulariza-
tion of the rate does not affect the results of the analysis.
3.2 Ambipolar diffusion
We now proceed by illustrating the effect of the ambipolar diffusion
on the CMB angular power spectra. In the left column of Fig. 5 we
show the angular power spectrum in temperature and E-mode po-
larization with the effect of ambipolar diffusion compared with the
case without PMFs. We considered different spectral indices and
PMFs with an amplitude of
√〈B2〉 = 0.4 nG as in the previous
3 This is controlled by the parameter dtaurec.
case. For more clarity, in the right column of Fig. 5 we show the rel-
ative difference between the ambipolar diffusion case and the case
without PMF contribution. The main effect of ambipolar diffusion
heating is a reduction of the overall amplitude of the TT power
spectra at intermediate and small scales (` & 10). In contrast, for
the EE power spectra, the effect is more pronounced at large angu-
lar scales around the reionization bump which for very blue indices
of the order of nB = 1 − 2 is strongly suppressed (cf., Fig. 5 ). This
illustrates that the main effect of ambipolar diffusion heating is an
increase of the total Thomson optical depth to last scattering. The
overall features are consistent with previous studies (e.g., Kunze &
Komatsu 2014).
3.3 Combining both effects
Having discussed the two dissipative effects separately we now
analyse the combined effect of PMF heating on the CMB angu-
lar power spectra. In Fig. 6, we again show the TT and EE angular
power spectra and their relative difference with respect to the case
without PMFs, for fields of
√〈B2〉=0.4 nG and different spectral
indices. We note how the combination of the two effects results in
an impact of both temperature and polarization both on small and
large angular scales, with the effect increasing for positive spectral
indices. In the next section we will derive the constraints with cur-
rent CMB data, which are foreground and cosmic-variance limited
in temperature, but strongly affected by systematics in polarization.
Future CMB polarization dedicated observations will be therefore
crucial to fully exploiting the potential of the impact of ambipolar
diffusion on the E-mode polarization.
4 CMB CONSTRAINTS ON THE AMPLITUDE OF PMFS
In this section, we derive the constraints with the CMB anisotropy
data from Planck 2015 release. We use the extension of the
CosmoRec and Recfast++ codes developed in our previous work
(Chluba et al. 2015) with the regularization of the MHD rate and
the improved numerical treatment for the ambipolar diffusion dis-
cussed in the previous sections. We use the CosmoMC Lewis & Bri-
dle (2002) code with the inclusion of the modified recombination
codes in order to compute the Bayesian probability distribution of
cosmological and magnetic parameters. We vary the baryon den-
sity ωb = Ωbh2, the cold dark matter density ωc = Ωch2 (with h
being H0/100 km s−1Mpc−1), the reionization optical depth τ with
a Gaussian prior, the ratio of the sound horizon to the angular diam-
eter distance at decoupling θ, ln(1010AS ), nS and the magnetic pa-
rameter
√〈B2〉. We either fix nB to the values −2.9 ,−2 ,−1 , 0 , 1 , 2
or we allow nB to vary in the range [−2.9, 2].
Together with cosmological and magnetic parameters we vary
the parameters associated to calibration and beam uncertainties,
astrophysical residuals, which are included in the Planck public
likelihood (Planck Collaboration XI 2016). We assume a flat uni-
verse, a CMB temperature TCMB = 2.725 K and a pivot scale
k∗ = 0.05 Mpc−1. We sample the posterior using the Metropolis-
Hastings algorithm Hastings (1970) generating eight parallel chains
and imposing a conservative Gelman-Rubin convergence criterion
Gelman & Rubin (1992) of R − 1 < 0.02.
We use public Planck high-` likelihood temperature likeli-
hood (Planck Collaboration XI 2016) combined with the Planck
lensing likelihood (Planck Collaboration XV 2016). We use a con-
servative Gaussian prior for the optical depth τ = 0.070 ± 0.02 in
combination with the low-` Gibbs Commander likelihood in the
range ` = [2, 29] for the low-` temperature.
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Figure 5. On the left column we show the impact of ambipolar diffusion on the CMB angular power spectra for PMFs with an amplitude
√
〈B2〉=0.4 nG
for different spectral indices compared with case without PMF heating in black. The upper panel is TT the lower panel is EE. Colors represent the different
spectral indices. On the right column instead we show the relative difference of the case with and without the ambipolar diffusion for PMFs with amplitude of√
〈B2〉=0.4 nG for different spectral indices. The upper panel is TT the lower panel is EE. Colors represent the different spectral indices.
Note that the likelihood code for the more recent analysis of
large angular scales HFI polarisation data (Planck Collaboration
Int. XLVI 2016; Planck Collaboration Int. XLVII 2016) has not
been released and we therefore make use only of Planck 2015 data.
4.1 Constraints with MHD decaying turbulence
We first present the constraints on the amplitude of PMFs obtained
by considering only the heating due to the MHD decaying turbu-
lence term with the use of the regularized rate.
In Fig. 7 we plot the one-dimensional marginalized posterior
probabilities for 〈B2〉1/2 at different fixed values of the spectral in-
dex nB. We also plot the same quantity obtained when nB is allowed
to vary. In the first column of Table 1 we report the 95 % CL con-
straints on 〈B2〉1/2 for all the cases considered. The constraints are
at the nano-Gauss level with tighter constraints for positive spec-
tral indices (reduced ' 3 − 4 times for nB ' 2 with respect to the
quasi-scale invariant case).
4.2 Constraints with the ambipolar diffusion
In this subsection we presents the constraints on the amplitude of
PMFs considering only the heating due to the ambipolar diffusion.
nB
√
〈B2〉 (nG)
MHD turbulence Ambipolar diffusion Combination
2 < 0.25 < 0.06 < 0.06
1 < 0.37 < 0.12 < 0.13
0 < 0.58 < 0.26 < 0.30
-1 < 0.90 < 0.63 < 0.74
-2 < 0.93 < 1.88 < 0.90
-2.9 < 1.04 < 7.29 < 1.06
[-2.9,2] < 0.87 < 2.52 < 0.83
Table 1. Comparison of the constraints from the separate effects and their
combination.
In Fig. 8 we plot the one-dimensional marginalized posterior prob-
abilities for 〈B2〉1/2 at different fixed values of the spectral index nB.
We also plot the same quantity obtained when nB is allowed to vary.
In the second column of Table 1 we report the 95 % CL constraints
on 〈B2〉1/2 for all the cases considered. We note how the ambipolar
diffusion gives stronger constraints for growing spectral indices as
c© 0000 RAS, MNRAS 000, 000–000
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Figure 6. In the left column we show the combined effect on the CMB angular power spectra of PMFs with an amplitude
√
〈B2〉=0.4 nG for different spectral
indices compared with case without PMFs (in black). The upper panel is TT the lower panel is EE. Colors represent the different spectral indices. In the right
column we present the relative difference of the angular power spectra of the cases with and without heating, for PMFs with an amplitude of
√
〈B2〉=0.4 nG
for different spectral indices. The upper panel is TT the lower panel is EE. Colors represent the different spectral indices.
it is expected from its impact on the CMB angular power spectra.
The improvement of the constraint for nB ' 2 with respect to the
quasi-scale invariant case is dramatic, reaching a factor ' 100. This
implies that a combination of turbulent MHD and ambipolar diffu-
sion heating is expected to improve the constraints in particular for
very blue spectra, as we will see below.
4.3 Constraints including both heating terms
In this subsection we presents the constraints on the amplitude of
PMFs considering both the effects of the ambipolar diffusion and
MHD decaying turbulence. In Fig. 9 we plot the one-dimensional
marginalized posterior probabilities for 〈B2〉1/2 at different fixed
values of the spectral index nB. We also plot the same quantity ob-
tained when nB is allowed to vary. In the third column of Table 1
we report the 95 % CL constraints on 〈B2〉1/2 for all the cases con-
sidered. For nB . −1, MHD turbulent heating drives the constraint,
while for nB & −1, ambipolar diffusion become most relevant.
In Fig. 10 we present the comparison of the amplitude con-
straints marginalized over the spectral index. We note how the
MHD turbulence has a much sharper posterior distribution com-
pared with the long tail at high amplitudes of the ambipolar diffu-
sion. This effect is mainly due to the strong dependence of the con-
straints of the ambipolar diffusion with the spectral index. While
the MHD turbulence has similar constraining power for all the in-
dices, the ambipolar diffusion is weaker for negative ones resulting
in a longer tail. The combination of the two gives a sharp constraint
as shown in Fig. 10, the lower amplitude part of the distribution is
dominated by the ambipolar diffusion whereas the higher amplitude
side is dominated by the MHD decaying turbulence.
Finally, in Fig. 11 we present the two dimensional posteriors
of the amplitude of PMFs with the other cosmological parameters.
We note the presence of a slight degeneracy with the angular diam-
eter distance θ especially for the varying spectral index case, this is
expected considering the effect of the heating on the recombination.
5 DISCUSSIONS
We now discuss the dependence of the results presented in Table
1 on the physics at the damping scale. This is tricky and several
approaches have been considered in the past. There is indeed a
dependence of both the MHD decaying turbulence and ambipo-
lar rates on kD and a dependence on the damping profile in the
Lorentz force (compare Eq. (7) with Eqs. (A3-A4) of Appendix
A of Chluba et al. (2015)). We therefore compare the results of Ta-
ble 1 with the ones obtained by adopting an exponential damping
profile as in Chluba et al. (2015) and Kunze & Komatsu (2015),
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Figure 7. One dimensional posterior probabilities considering only MHD
for 〈B2〉1/2 for fixed values of the spectral index nB compared with the case
marginalized on nB allowed to vary in the range [−2.9, 2].
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Figure 8. One dimensional posterior probabilities considering only ambipo-
lar diffusion for 〈B2〉1/2 for fixed values of the spectral index nB compared
with its corresponding value marginalized on nB allowed to vary in the
range [−2.9, 2].
with the following damping scale:
k¯D =
299.66
(B0/1 nG)
Mpc−1 , (9)
where B0 denotes the integrated amplitude of the stochastic back-
ground of PMFs for this second approach to the damping. Note
that k¯D does not depend on the spectral index as the one in Eq. (2)
adopted in the previous discussion and has been also used in our
previous work Chluba et al. (2015) for the nearly scale-invariant
case. See Fig. 12 for a difference between these two damping
scales. We mention that in recent numerical simulations (Trivedi
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Figure 9. One dimensional posterior probabilities for 〈B2〉1/2 considering
both the heating effects for fixed values of the spectral index nB and com-
pared with its corresponding value marginalized on nB allowed to vary in
the range [−2.9, 2] .
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Figure 10. Comparison of the constraints marginalized over the spectral
index for the three heating cases.
et al. 2018) a significantly larger damping scale (smaller kD) is
found, but leave a more detailed discussion to future work.
We have repeated the previous analysis for this alternative
model of damping. The qualitative aspects remain similar to the
case discussed in Section 2: the MHD term is relevant for negative
spectral indices, whereas the ambipolar term is for positive ones.
Note however that whereas the MHD term leads to constraints sim-
ilar in the two approaches because of the mild dependence on kD
of the rate in Eq. (5), the ambipolar term leads to much looser
constraints when this alternative modelling of the damping scale is
adopted. The constraint with the ambipolar term are indeed of the
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Figure 11. Two dimensional posteriors for the amplitude of the fields with
the other cosmological parameters. The results are shown for three spectral
indices, in blue nB = 2, in red varying nB in grey is the almost scale invariant
nB = −2.9.
same order of magnitude of the ones obtained with the MHD term
by using this alternative damping envelope. In Table 2 we show the
results when both the MHD and ambipolar terms are considered:
for all values of nB, the combined constraints are at the nG level.
Our analysis improves in several ways on Kunze & Komatsu
(2015): i) the methodology as described in Section 2, ii) the range
of considered PMF spectral indices, which in Kunze & Komatsu
(2015) was limited to nB =-2.9, -2.5,-1.5, iii) and the data combina-
tion: here we consider the most recent Planck 2015 data, whereas
(Kunze & Komatsu 2015) used Planck 2013 data. The numerical
stability we have achieved removes the large scale instability which
could have biased the results especially concerning the indices with
a stronger heating. With these new settings, in contrast to Kunze &
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Figure 12. Damping scales as function of the integrated PMF amplitude.
The black line represents the damping scale in Eq. (9) vs B0(nG). The other
lines represent the damping scale as given by Eq. (2) vs
√
〈B2〉 for different
values of the spectral index: nB = 2 in purple, 0 in cyan, −2 in yellow and
−2.9 in red.
Komatsu (2015), there is almost no variation with the spectral index
of the constraints and therefore we do not find tighter bounds for
nB > −2.9 as (Kunze & Komatsu 2015) do and our 95 %CL con-
straint B0 < 1.1 nG for nB = −2.9 is more conservative than their
corresponding bound: B0 < 0.63 nG. Note that for positive spec-
tral indices the constraints from this alternative model of damping
are relaxed by a factor 5-20 with respect to the model described in
Section 2. The reason for different results in the two approaches is
due to the ambipolar term. As already said, the differences could be
traced to the different Lorentz force obtained by a different damp-
ing envelope or a different damping scale. In order to understand
what is the most relevant difference, we have substituted the damp-
ing scale in Eq. (9) in the sharp-cut off profile for the damping
discussed in Section 2 for nB = 2. We obtain
√〈B2〉 < 1.0 nG at 95
%CL for the combined case, a very similar result to Table 2. This
means that the most relevant difference is due to choice of kD for
the two models of damping discussed here.
It is now interesting to assess the the implications of the
constraints derived in this paper on the amplitude of the stochas-
tic background of PMF smoothed at 1 Mpc, which is commonly
adopted in the literature. Since the damping scale enters in the mag-
netic field amplitude smoothed Bλ as function of the integrated am-
plitude (see Appendix A), Bλ can be different for the two dissipa-
tion scales in Eq. (2) (Jedamzik et al. 1998; Subramanian & Barrow
1998) and in Eq. (9) (Chluba et al. 2015; Kunze & Komatsu 2015),
in particular for positive spectral indices, even with equal integrated
amplitudes. Table A1 shows that for nB = −2.9 the constraints on
B1Mpc from the two different damping envelopes are similar and of
the same of order of magnitude of the constraints on the integrated
amplitude. This can be understood by realizing that for quasi-scale
independent power spectrum the increase of 〈B2〉 (which simply is
a proxy for the total PMF energy density) caused by small scales is
logarithmic, and hence B1Mpc '
√〈B2〉.
For nB = 2 instead, the energy density is dominated by modes
around the damping scales. In this case, we see from Table A1 that
the constraint on Bλ with the damping scale in Eq. (2) is tighter
than the one obtained with the alternative damping by several or-
ders of magnitude. To a large extend this is due to the large dis-
parity of the damping scale (λD ' 1 − 10 kpc) and the smoothing
scale (λ = 1 Mpc), as can be seen from Eq. (A3). In the most con-
servative case, the window for PMF between the CMB bounds and
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nB 2 -2.9 [-2.9,2]
B0 (nG) [k¯D] < 0.95 < 1.10 < 0.91
Table 2. Constraints from the combined effects for the alternative model of
the damping profile, B0.
the lower limit due to the interpretation of non-observation of GeV
gamma-ray emission in intergalactic medium is severely squeezed
for nB = 2. The tightest constraint obtained with Eq. (2) would in-
stead completely rule out the causal case nB = 2 in combination
with the lower limit derived from high-energy observations in the
intergalatic medium.
In this paper we limited our analysis to non-helical magnetic
fields. Helical magnetic fields may have a different effect on the
ionization history with respect to non-helical ones. Helicity may
affect the ambipolar diffusion through the contribution of the he-
lical symmetric part of the Lorentz force (Ballardini et al. 2015)
and it may affect the evolution of the MHD turbulence (Wagstaff
& Banerjee 2015) and modify the time evolution of the magnetic
energy density (Saveliev et al. 2013). We leave the treatment of
helical magnetic fields to future work.
6 CONCLUSIONS
We have obtained the constraints on the integrated amplitude of
PMFs due to their dissipation around and after recombination
caused by the MHD decaying turbulence and the ambipolar dif-
fusion. We have improved our previous treatment by including a
regularization of the heating rate due to the MHD decaying turbu-
lence which is particularly important for stochastic background of
PMFs with a positive spectral index. At the same time, we have
also improved the numerical treatment of the ambipolar diffusion
allowing for the stability of the numerical code, again for stochas-
tic background of PMFs with positive spectral indices. These im-
provements have allowed to constrain the integrated amplitude of
PMFs for different spectral indices, extending our previous stud-
ies restricted to the nearly scale-invariant case (Kunze & Komatsu
2015; Planck Collaboration XIX 2016; Chluba et al. 2015).
The results of the three analysis which considered separately
the heating by MHD decaying turbulence and ambipolar diffusion
and their combination are summarized in Table 1 for a regulariza-
tion of the integrated amplitude by a sharp cut-off. Our results show
that both MHD decaying turbulent and ambipolar effects need to be
taken into account, the first one being important for negative spec-
tral index and the second for positive spectral index. For a sharp
cut-off the combined constraint from MHD and ambipolar is of the
order of nG for the scale-invariant case as in (Planck Collaboration
XIX 2016), and becomes tighter with a larger spectral index reach-
ing
√〈B2〉 < 0.06 nG (95 % CL) for nB = 2. These constraints on
PMFs from the ionization history are the tightest ones for any sin-
gle spectral index. Thanks to our numerical improvements we have
also been able to derive the constraints on the integrated amplitude
when the spectral index is allowed to vary, obtaining
√〈B2〉 < 0.83
nG (95% CL) [see Fig. 10].
We have also investigated how the PMFs heating effects are
sensitive to the physics at the damping scale. We have shown how
two proposed damping scales, Eq. (2) and Eq. (9), usually adopted
in the literature, lead to a different magnitude of the effect induced
by the ambipolar term on the CMB anisotropy power spectra, in
particular for positive spectral indices. As a consequence, the con-
straints obtained on the integrated amplitude of PMFs, and even
more on the smoothed amplitude on 1 Mpc, depend on the physics
at the damping scale, which deserve further investigation. In the
future, some of these aspects can be clarified with detailed numeri-
cal MHD simulation that track the evolution of the PMF across the
recombination era (Trivedi et al. 2018).
We also note that although recently refined computations of
the magnetic heating rates due to MHD turbulence have become
available (Trivedi et al. 2018), here we improved the treatment re-
maining within the framework first introduced by Sethi & Subra-
manian (2005). However, the improved heating rate computations
show a direct dependence of the onset of heating on the magnetic
field amplitude and spectral index. We anticipate this to affect the
overall constraints, but a more detailed study is left to future work.
Our results show that the effect of PMFs on the ionization his-
tory provides stronger constraints than purely gravitational effects
under the same assumptions of ideal MHD and a damping scale co-
moving in time. The impact on the E-mode polarization makes this
effect a target for current and future CMB experiments which are
expected to provide a nearly cosmic variance limited E-mode mea-
surement. The constraints by the gravitational effect are expected
to improve thanks to the separation of the primary signal from sec-
ondary anisotropies/foreground residuals at very high multipoles
in temperature and on the future B-mode measurements. The ion-
ization history and gravitational effects caused by PMFs therefore
have different and complementary capabilities and prospects.
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APPENDIX A: CONSTRAINTS ON SMOOTHED
MAGNETIC FIELD AMPLITUDE
In most of the literature, constraints on a stochastic background of PMFs
are reported on the amplitude smoothed at 1 Mpc scale, which is a quan-
tity closer to astrophysical observations of large scale magnetic fields. It is
therefore interesting to understand our results for the integrated amplitude
in terms of the smoothed amplitude Bλ, which is defined as:
B2λ =
∫ ∞
0
dk k2
2pi2
e−k
2λ2 PB(k). (A1)
The smoothed amplitude Bλ is related to the integrated amplitude by
〈B2〉 = B2λ
2 knB+3D λ
nB+3
(nB + 3)Γ
( nB+3
2
) , (A2)
for the first damping envelope and by
B2λ = B
2
0 2
(nB+3)/2/(kDλ)nB+3 (A3)
for the second damping envelope.
In Table A1 we report the implications for Bλ from the our results
on the integrated amplitude. A cautionary note must be considered when
discussing these results. The derived constraints on the smoothed amplitude
seems very sensitive to the model of damping, in particular for positive
nB B1Mpc (nG) B1Mpc (nG) [k¯D]
2 < 5.22 × 10−16 < 1.13 × 10−6
-2.9 < 0.76 < 0.84
Table A1. Constraints from the combined effect for different spectral in-
dices with the B1 Mpc parametrization.
spectral index. Nevertheless, the resulting constraints are extremely tight for
positive nB compared to those obtained with the gravitational contribution
only. As a comparison, we remind that the 95 % CL Planck 2015 upper
bound on the smoothed amplitude is Bλ < 0.011 nG for nB = 2 derived
from gravitational effects (Planck Collaboration XIX 2016).
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